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Qh, Abstract 

^^ , We focus on the existence and characterization of the limit for a certain 

(f) ■ critical branching random walks in time-space random environment in one 

£Nj ' dimension which was introduced in [5] . Each particle performs simple ran- 

dom walk on Z and branching mechanism depends on the time-space site. 
The weak limit points of this measure valued processes are characterized as 
solutions of the non-trivial martingale problem and called super-Brownian 
motions in random environment in [17]. Moreover, we will show the weak 
Ci ' uniqueness of the solutions with some initial condition. 
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We denote by (Q,.F,P) a probability space. Let N = {0, 1,2, •••}, N* = 
{1,2,3, •••}, andZ = {0,±l,±2,---}. 
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^ ■ 1 Introduction 

Super-Brownian motion(SBM) is a measure valued process which was intro- 
duced by Dawson and Watanabe independently [U [27] and is obtained as the 
limit of (asymptotically) critical branching Brownian motions (or branching ran- 
j^ \ dom walks). There are many books for introduction of super-Brownian motion 

[5] [5] and dealing with several aspects of it [7J [5] EH 123] ■ Also, super-Brownian 
motion appears in physics and population genetics. 

An example of the construction is the following, where we always treat Eu- 
clidean space as the space, M. d in this paper. 

We assume that at time 0, there arc A*" particles in 7L d as the 0-th generation 
particle. Each of TV particles chooses independently of each others a nearest 
neighbor site uniformly, moves there at time 1, and then each particle indepen- 
dently of each others either dies or split into two particles with probability 1/2 
(1st generation). The newly produced particles in n-th generation perform in 
the same manner, that is each of them chooses independently of each others 
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a nearest neighbor site uniformly, moves there at time n + 1, and then each 
particle independently of each others either dies or split into 2 particles with 
probability 1/2. 

Let Xf (•) be the measure- valued Markov processes defined by 

ft < particles in B\/~N at [iA^J -th generation at time tN \ 

x[ N) (B) = -L L, 

where B € B{R) arc Borcl sets in R d and B\/N = {x = yy^N for y e B}. Then, 
under some conditions, they converge as N — > oo to a measure- valued processes, 
super- Brownian motion. In particular, the limit X t ((f>) is characterized as the 
unique solution of the martingale problem: 



For all0e£>(A), 

Z t {<t>) := X t {4>) - X (<f>) 



f o ±x.mde 



is an T* -continuous square- integrable martingale 



(1.1) 



Z O (0)=O and (Z(<f>)) t = / X s (tf)ds, 



n 



where v (0) = f <^cfo/ for any measure i/. 

It is a well-known fact that one-dimensional supcr-Brownian motion is re- 
lated to stochastic heat equationf |1 2[ 124) ) . When d = 1, super-Brownian motion 
X t (dx) is almost surely absolutely continuous with respect to Lebesgue measure 
and its density u(t, x) satisfies the following stochastic heat equation: 

d 1 

— u = -Au+Vu~W{t 7 x) 7 

where W(t,x) is space-time white noise. On the other hand, for d>2, X t {-) is 
almost singular with respect to Lebesgue measure. ( [6l [Ml I2T1 [22] ) 

In this paper, we consider super-Brownian motion in random environment, 
which arc introduced in |17j . Mytnik showed the existence and uniqueness 
of the scaling limit X t {-) for a certain critical branching diffusion in random 
environment with some conditions. It is characterized as the unique solution of 
the martingale problem: 

For all0eX>(A), 

Z t (cj>) := X t {cl>) - X (4>) - J -X s (A<f>)ds 
is an J-^-continuous square-integrable martingale and 

(Z(<f>)) t = f X s {4> 2 )ds+ f f g(x 1 y)cj>(x) ( t>(y)X s (dx)X s (dy)d Sl 

JO JO JR d xR d 

(1.2) 

where g(-, ■) is bounded continuous function in a certain class. In this paper, 
we construct a super-Brownian motion in random environment as a limit point 
of scaled branching random walks in random environment, which is a solution 
of p.2[) for the case where g(x,y) is replaced by S x . y . The definition of such 
martingale problem is formal. The rigorous definition will be given later. 



Branching random walks in random environ- 
ment 



Before giving the system of the branching random walks in random environment, 
we introduce Ulam- Harris tree T for labeling the particles. We set Tk = (N*) 
for k > 1. Then, Ulam-Harris tree T is defined by T = I I Tf.. 

k>0 

We will give a name to each particle by using elements of T ■ 

i) When there arc M particles at the 0-th generation, we label them as 
1,2,-.. ,MeT . 

ii) If the n-th generation particle x = (xo, ■ ■ ■ , x n ) € T n gives birth to fc x par- 
ticles, then we name them as (xo, ■ • • , x n , 1), • • • , (xo, • • • , x n , fcj.) <G T n+ \. 

Thus, every particle in the branching systems has its own name in T. We 
define |x| by its generation, that is if x is an element of Tk, then |x| = k. For 
convenience, we denote by |xAy| the generation of the closest common ancestor 
of x and y. If x and y have no common ancestor, then we define |x Ay| = — oo. 
Also, we denote by y/x the last digit of y when y is a child of x, that is 

y/x = S k y if y=fc--- ;":!S" 6 t„ +1 , i( >T some n E N, 
1 oo, otherwise. 

Now, we give the definition of branching random walks in random environ- 
ment. In our case, particle move on Z and the process evolves by the following 
rule: 

i) The initial particles locate at site {xi € 2Z : i = 1, • • • , Mn}- 

ii) Each particle located at site x at time n chooses a nearest neighbor site 
independently of each others with probability | and moves there at time 

7i + l. Simultaneously, it is replaced by fc-childrcn with probability qn } J{k) 
independently of each others, 

where < < <j4,x (k) > : (n, x) £ N x Z > are the offspring distributions assigned 

to each time-space site (n,x) which are i.i.d. in (n,x). We denote by Bn and 
by BnJ the total number of particles at time n and the local number of particles 
at site x at time n. Also, we denote by m n .x P the p-th moment of offsprings 
for offspring distribution {qli.x (k)}, that is 



'""n.x 



E F C } (fc)- 



fe=0 



This model is called branching random walks in random environment (BR- 
WRE) whose properties as measure valued processes is for "supercritical" case 
are studied well jTOj |TT|. Also, the continuous counterpart, branching Brownian 
motions in random environment is introduced by Shiozawa 25, 26 . We know 
that the normalized random measure weakly converges to Gaussian measure 



in probability in one phase, whereas the localization has occurred in the other 
phase. 

In this paper, we focus on the scaled measure valued processes X\ associ- 
ated to this branching random walks: 



X, 



(N) 



M N 



-Ts i, 

i=0 



and 



X 



(N) 



-Y s 



i=i 



CO/"*' for< =iV'' 



[KN\ 
N 



for each K > 0, 



that if we identify B\ N ' as the measure B\ N x S x , then X). is represented as 



where Xi it) is the position of the i-th particle at tN-th generation. We remark 

N) . 

is r( 



X 



(JV) 



A^ 



yi M 5 i for t = — . 



A^ 



Let A4f(M.) be the set of the finite Borel measures on R. For convenience, we 
extend this model to the cadlag paths in A4p(M.) by 

where we define £ for i and N by some positive number jr for igN satisfying 

^ < t < i±i. Then, AT t (Ar) e X F (K) for each £ e [0, AT]. Let «/. e B 6 (R), where 
B(,(K) is the set of the bounded Borel measurable functions on R. We denote 
the product of v € A4 F (R) and <f> e <8(,(R) by v{4>), that is 

v {4>) = / <j){x)v(dx). 



To describe the main theorem, we give the following assumption on the 
environment: 

Assumption A 



E[m^] 



E 



7 j "> 1n,x 
i=0 



1, lim E 

AM-oo 



AN, 2) 
'0,0 



7>0, 



sup E 

N>1 



A N A) 



< oo, lim N*E 



sup AT 2 E 

N>1 



( m 0,0 



iV-> 
4 



(mffi^ - 1) 2 1 = ^ 



1 



< oo. 



Example: The simplest example satisfying Assumption A is the case where 



exo) 



1 &£(n,x) {N) _ 1 , P£(n,x) 

.1 ^1 n ,x \ z ) 



2 AT* 



2N* 



for i.i.d. random variables 



{£(n,x) : (n,x) £ N x Z} such that P(£(n,x) = 1) = P(£(n,x) = -1) 



Theorem 2.1. We suppose that Xq '(■) =>■ Xq{-) in Mf(M) and Assumption 
A. Then, the sequence of measure valued processes <X. . N G N > is tight 
and its weak limit point weakly is a continuous measure valued process X. E 
C ([0 , oo) , A4 p (R)) . Moreover, for any t > ; any limit point X t (dx) is almost 
surely absolutely continuous with respect to Lebesgue measure and its density 
u(t, x) is a solution of the following martingale problem: 



For all (j> e X>(A), 

Z t {4>) = f cf>\ 
Jr 
is an J 7 ^ -continuous square-integrable martingale and 



Z t (4>) = J 4>(x)u(t,x)dx — J <j)(x)Xo(dx) — — / / A<j)(x)u(t,x)dxds 



Z{4>)) t = / / (j> 2 {x)Hu{s,x) + 2p 2 u(s,x) 2 )dxd 



s. 



(2.1) 

Remark: We found from Assumption A that the fluctuation of the envi- 
ronment is mainly given by {m n ,x 1) an( l scaling factor is N~±. (It appears 
clearly in the Example beyond Assumption A.) This scaling factor is different 
from N~z, the one in [T7]. When the scaling factor is N~?, the limit is the 
usual supcr-Brownian motion (|1.1[) . 

We roughly discuss how the scaling factor in our model is determined. For 
simplicity, we consider the model for the case where the environment is the one 
given in Example. 

We scale the space by N~ 5 . Then, the summation of the fluctuation of the 

EBf(k z) 
j — . 

/V 4 

ze[xN 1 / 2 ,yN 1 / 2 ] 
l 

Since it is the summation of i.i.d. random variables of ^—^ — - , the central limit 
theorem holds and it weakly converges to a Gaussian random variable with 
distribution N(0, 2 /- Similar argument holds for random variables other 
than Bernoulli random variables. 

Remark: The martingale problem (|2.ip is the rigorous and general defini- 
tion of the martingale problem when g(x,y) is replaced by 5 x - y in (|1.2[) . Also, 
the theorem implies the existence of the solution of the stochastic heat equation 

8 



—u = -Au + yj^u + 2/3 2 u 2 W, (2.2) 

and limt-v+o u(t, x)dx — X (dx), where W is time-space white noise. In [Trj] . 
the existence of solutions for general SPDE containing (|2.2[) when the initial 
measure X (dx) has a continuous density with rapidly decreasing at infinity. 

Also, one of our interest is the uniqueness of solutions of (|2.2[) . There are a 
lot of papers on uniqueness of the stochastic heat equation -4:U = ^Au+ lu^W. 
It is known that weak uniqueness holds for i < 7 < 1 in [T8] and pathwise 
uniqueness holds for | < 7 < 1 in [1^. However, pathwise uniqueness fails 
when solutions are allowed to take negative values for 7 < | in [T3J . 

In this paper, we will prove the uniqueness under some strong initial con- 
dition. We denote by C+,(R) the set of the rapidly decreasing continuous 



functions, 

C+ ap (R) = L G C+(R) : |. 9 | P = sup e Pl-l 5 (x) < oo, for all p > o| , 

where C^~ (M.) is the set of bounded continuous functions on M.. We can consider 
C+ ap (M) as a subset of A4_f(R) by <p(x) m- (f>(x)dx. 
We will prove the following theorem. 

Theorem 2.2. Assume that X (dx) = ip(x)dx for ip G C+ (R). Let a, b > 0. 
Then, any two solutions for the stochastic heat equation, 

—u=-Au+Vau + bv?W(t,x), u(0,x)=ip(x) (2.3) 

have the same finite dimensional distributions. In particular, the solution of 
is unique. 



3 Proof of Theorem [2J] 

In this section, we will give a proof of Theorem 12.11 The proof is divided into 
two steps: 

i) Tightness. 

ii) Identification of the limit point process. 

In this section, we consider the following setting for simplicity. 
Assumption B: The number of initial particles is N and all of them locates 
at the origin at time 0. Also, £'(0) = - - ^^ .q^P) = - + ^"'^ 

6 Hn,x\ ) 2 2N i >Hn,xK I g ^i 

for i.i.d. random variables {£(n, x) : (n, x) G N x Z} such that P(£(n,x) = 1) = 
P(ttn,x) = -l) = i 

To consider the general model, it is almost enough to replace ^"i by 

ATI 

?Tin,x — 1. We sometimes need to consider {{qk,x (k)}k>o '■ (n,x) € N X Z}. 
Especially, 7 appears in the same situation as the construction of the usual 
super-Brownian motion, so the reader will not to have any difficulties. 

Before staring the proof, we will look at the X\ (</>)■ Since X\ arc con- 
stant in t G \t, t+ -h), it is enough to see the difference between X^ and 

where x ~ t means that the particle x is the £JV-th generation, Yjjf is the 
position of the particle x at time tN for x ~ i, V^ is the number of children of 
x and for simplicity, we omit N. We remark that Y^ +1 = Y^ N+1 for y which 
is a child of x. 



Also, we divide this summation into four parts: 
(LHS) 



V* - 1 - 
N ^-j " V Ni J V TV* 






1 tN+1 



^fc(tN,Y? N ) 



N r^ t \ N2 J N4 



m*m-«& 



*(^i)+*(^i)-2#(S») 



, _|_ y^ V jV2 / V jv2 / \N2 J 

N ^ 2 

AM{ b ' N) (<f>) + AM t (a) W + AM t (SlAr) W 



1 V «H 




1+01 


'*&-*) 


-20| 


<^>\ 


v W7 y 


KNi J 








2 







Thus, we have that for0<t<t<t + ^7 



JV 



Xy 



(JV) 



(0) - X^(0) = (M?» N \ct>) + M^ N \<f>) + M^ N \®) + f~X^ (A N cf>) ds 



(3.1) 



where 



M t 



(b.N) 









M t 






^wm-^o 



and ,4 W : B 5 (R) -► B 6 (R) is the following operator; 



A N 4>{x) - 

N 



Actually, we have that 






S<£ 3S~S 



\A h ^)i 



,N) 



(°,N), 



..(JV) 



Also, we remark that M( '(<£>), Mj: e ' (</>), and Mj (</>) are .F tAr -martingales 
where Jn is the c-algcbra 

<r(V*,Y? +1 ,S(k,x) : |x| < n- 1, fc < n- l,x e Z) , 



where J 7 , 



(JV) _ 



- {0, SI}. Indeed, since 3^+! are independent of V* and £(n, x), 



£ 



£ 



Mf' w) (0)-M (6 '^) 

- i N 

= o, 



^ 



(JV) 



tJV-1 

I tN 



T, 



(N) 



tJV-l 



E 



V*-!- 



p£UN-l,Y t 



iJV-l 



Ni 



(N) 



V S E 



• r tN-l 

I tN 

jV2 



j; 



(JV) 



tJV-l 



£ 



^iJV-l,K 



jjv-i 



iV4 



= 0, 



and 



^ 



T, 



(JV) 



iJV-l 



(JV) 
tJV-l 



E 



M^^-M^'f^) 



^ 



(JV) 



tJV-l 



0, 



almost surely. 

Moreover, the decomposition (|3.ip is very useful since the martingales M^ {4>) 
i = 6, e, s are orthogonal to each others. Indeed, we have that 



E 






T x 



N 2 

x E 
= 0, 



1 tN 



(JV) 
tJV-l 

' Xfx' 

I tN 

JV3 



^ 



(JV) 



E 



V* 






/JV-l 



AN) 
y tN-l 



mm-hY^) 



JV4 



^ 



(JV) 



IJV-l 



where Qn = J-"„ V cr(£(n, x) : x € Z) almost surely. Also, we can ob- 



tain by the similar argument that E (AM^ N \(f>)) [Am[ s ' N) (^) 



E 



(AJU^fo)) (aj^-^w 



T, 



(JV) 



iJV-l 



^ 



(JV) 
tJV-l 



almost surely. 



3.1 Tightness 

In this subsection, we will prove the following lemma. 

Lemma 3.1. The sequence {X^ N '} is tight in D([0, oo), M.p(M.)), and each 
limit process is continuous. 



To prove it, we will use the following theorem which reduces the problem to 
the tightness of real- valued process [221 Theorem II. 4. 1]. 

Theorem 3.2. Assume that E is a Polish space. Let Dq be a separating 
class of Cb(E) containing 1. A sequence of cddldg A4p(E) -valued processes 
[X^ : N € N} is C -relatively compact in D ([0, oo), Mf{E)) if and only if 

(i) for every e, T > 0, there is a compact set Kt, s ^ n E such that 

SUpP (supX t (A ° (K^ B ) >£)<£, 
N \t<T ' / 

(ii) and for all 6 Do, \X^ ' ((f)) : N £ N) is C -relatively compact in D ([0, oo), 

Assumption: We choose Cf(K) as Dq, where C|(K) is the set of bounded 
continuous function on K with bounded derivatives of order 1 and 2. 

Hereafter, we will check the conditions (i) and (ii) of Theorem 13.21 for our 
case. In the beginning, we give the proof of (ii) by using the following lemmas: 



L 2 

-¥ as N ->• oo for all K > 0. 



Lemma 3.3. For (j> £ Cf(R), sup M t (s,JV) (<£) 

t<K 

Lemma 3.4. (See \23l Lemma LL 4-5]-) Let ( M ( \T^ ) be discrete time 
martingales with Mg =0. 



— N 



2 



T? 



extend M and 



Let (MW), = J2 E (ikfW /JV - M^) 

0<s<t L 

(M^ '). to [0, oo) as right continuous step functions. 
(i) If{{MW). : N E N} is C-relatively compact in D([0,oo),K) and 



sup 

0<t<K 



M (N) _ M (N) 
m t+l/N m L 



p 



as N ->• oo for all K > 0, (3.2) 



then M. is C-relatively compact in D([0,oo),] 
//, in addition, 

, 2 



(m[ N A +(M (N) ) i :N e Nl is uniformly integrable for all t, 

then M. => M. in -D([0,oo),R) implies M is a continuous L 2 -martingale and 
(A/. (Wfc) , (M^).) £ (M., (M).) in D([0,oo),R). 

Lemma 3.5. For any 4> € C b 2 (M), the sequence c[ N) ((/)) = / X { S N) (A N <j>) ds 

Jo 
is C-relatively compact in -D([0, oo), M.). 

When we can verify the conditions of Lemma l3~4"l for M. ' (</>), and M. e ' (</>), 
the sequence I X. ((f) : N <E N > is C-relatively compact in D ( [0 , oo ) , R) . More- 
over, if we check the condition of (i) in Theorem 13.21 then the tightness of 
\X {N) : N G N j follows immediately. 



Before starting the proof of the above lemmas, we prepare the following 
lemma. It tells us the mean of the measure X\ is the same as the distribution 
of the scaled simple random walk. 

Lemma 3.6. We define historical process by 

H t N) = 7jJ2 S I^m G M F (D([0,oo),R)), 



A JV1/2 



where Y^ = YJ for < s < |xAy| + 1, that is K s x is the position of the 
\sN\ -generation's ancestor of x. 

If ij) : D([0, oo), M) ->• K>o is Borel, then for anyt>0 



E 



f'w 



Ey 



V 



Y, 



(■/\t)N 

TV' 



(3.3) 



where Y is the trajectory of simple random walk on Z. In particular, for all 
<t> G B+(R), 



£ 



Xf) (*) 



Sy 



iV5 



(3.4) 



Moreover, for all x, K > 0, we Ziawe that 



-W, 



Py su P X t vl,; (l)>x ^x- 1 . 



(3.5) 



To prove this lemma, we introduce the notation. For x(-),y(-) G P([0, oo), 
such that y(0) = 0, 



(x/s/y)(t) = 



x(t) 



if < t < t, 



x(s) + y(t - s) if t > s. 

Then, (x/s/y)(-) £ D([0, oo),R). 

Proof (|3.3[) follows from the Markov property. Indeed, we have 



E 



flf°W 



£ 



£ 



£E* 



- (-Aj)Af 



^F E * 



= P 



N 



E 2 



Y, 



(■/\t)N 



Ni 



E 



V*\T< 



(JV) 



tltf-1 



TV 



E * 



/i 



V 



^ (i _, ))Ar /i/V/^j((-At )iV) 



where Z\{-) is a random function independent of Y^ such that Z\(s) = for 
< s < 1, P(£i(s) = 1 for s > 1) = P(^i(s) = -1 for > 1) = §. Iterating 
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this, 
E 



f'w 



= E 



= Ey 



J Z!,Z 2 



ir E i< 



Y* t_N~2 Z, 



'tN-l/zA ((-At) AT) 



N 



Ni 







K, 



((■At)JV) 
AT 3 



where Z2 is independent copy of Z\ and Y(-) is the trajectory of simple random 



walk. Also, (|3.5[) follows from the fact that XJ: (1) is an .F tAr -martingale and 
from the L 1 inequality for non- negative submartingales and from (J3.4D . 



D 



-W, 



Proof of Lemma \3.5\ We know Xq (0) = 0(0). Also, we have that for any 
AT>0 



cf\4>)-ci N \4>) 



< 



X™ (^) 



du 



<supC(0)^W(l)|t 



u<K 



(3.6) 



We can use the Arzcla-Ascoli Theorem by (j3~5j) and (|3T6]l so that ic {N) (0) : AT e n| 
are C-relatively compact sequences in D ([0, 00), M). D 



Proof of LemmaUnft Let /ijv(y) = £ y 
remark that 



y 



sJV+l 

Ni 



Yi_ 



V5L 

iV3 



atI 



1a w (^ 

N v \ N k 2 



First, we 
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are orthogonal for x 7^ x' ~ s. Since Mj (</>) is a martingale, we have that 



£ 






s<A 



*2> 



TV 2 



s<K 



-E* 



2 



s<A 



E^ 



y 



sJV+l 



y 



.sA' 



7V5 / iV J 



1 rfi / r sA 



Ni 



F, 



(A) 

N 



Y. 



sN 






1 



1-4 



A j.112 



K 



< 2£ 

< 2 (Sy 

->0, 



XW(/ lAr ) + m^|| 2 7V- 2 X s (iV) (l))rf 

XiA+i 



A' 



TV* 



y«Ar 

iV5 



A" 



--^supHA^II^f^l) 



where we have used Lemma 13.61 and the fact that supjy H-A^^Hoo < 00 for 
4> € C' 2 (R) and {X t (1) : < £ < AJ is martingale with respect to J" tJV in 



the last line. 



□ 



Next, we will check the conditions in Lemma l3~4l for M. ' (</>) and M (</f>), 
that is, 

(1) Ul\I {b ' N \(t))\ + /M {e ' N) (<f>)\ :Nen\ is C-relatively compact in D( [0,o 



(2) sup M^> (0) - Mf ^ (0) + Af$? (0) - M^ (0) 
for all K > 0. 



as N -> 00 



(3) [(Mf^(0)) +(j^-^)) +(jlfft^)) ( + (j|f(-^)) t :JV€N 
is uniformly integrablc for all t. 

As we verified that M^ b ' N \(j}) and M^ e ' N '((f>) are orthogonal, we have that 
Moreover, since under fixed environment {£(n,x) : (n,x) eNx Z}, y K and 
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V 7 are independent for i^y, we have that 



s<t 



5> (Mf^)-M|^)(0) 



T. 



(N) 
N 



^£E^ 



N 2 



S<t 3£~£ 



Y, 



tN+l 



T t 



(N) 



IN 



E 



y* 



fc(tN,Y? N y 



N* 



= (l + 0(JV-i)) j' Xi»\4?)ds, 

and 



E^ 



M^V(cf>)-M(°> N \<f>) 



s+ 



T 



(N) 
sJV 



^1 

iV 2 






Y, 



tN+l 



Y, 



tN+l 

N^ 



T 

-J I 



(JV) 



IN 



l{^ = ^} 



TVs 






TV* 



0(JV" 






AT 



J ^^^ 



2 |#W 
X \ \ n sN,x 



N2 



m 



-ds, 



T, 



(N) 



where \0(N 2 )| < C^N 2 for a constant C^ that depends only on 
Therefore, we have that 



IN 



M( b > N X<f>)\ +(a&> n \4>)) -(M^ N \^)) -/M^)^)) 
< C ((m^(1)) + (m^I)) - (m^I)) - (m^I)) 



(3.7) 



-(AT) 

tJV ■ 



where we remark that < X\ (1) : < t \ is a martingale with respect to J-" t 

We will prove C-relative compactness of ()3.7[) by showing the following 
lemma. 



13 



Lemma 3.7. For any K > 



(4^(1))' 

and for any e > 0, 



supE 

N 



< CO., 



lim sup 

<5->0at> 



,p( sup (7x^(1)) -(lW(l)))> 

1 \0<s<A' \ X /«+* \ I sj 



e = 0. 



W ;, 



(JV) 



Proof. We remark that for each AT, i?„ is a martingale with respect to the 
filtration J-, 

Let -Bn be the total number of particles at time n which are the descen- 
dants from i-th initial particle. Then, we remark that for i =/= j 



E 



R (i,JV) R (j,JV) 

1D lKN\- D lKN\ 



= E 



E 



B 



(i,N) 
[KN] 



H 



E 



B U,N) 



H 



E 



yly2 






2 st{i<YKN\:Y?=Y?} 



where T-L is the er-algcbra generated by {£(n, x) : (n, x) E N x Z}, and Y 1 and 
Y 2 arc independent simple random walks on Z starting from the origin. 
On the other hand, 



E 



( n {i,N) \ 

V yy " 



ynN\) 



yKN\-i 
1 + Y^ cE Y i Y 2 



fe=i 



2 ,t{k<t<yKN\:Yi=Y?} 

1 + A-) = **.■ 



fe — *& 



< L^A^yi^ 



02 \ ttl^LA'WJ:^ 1 ^^ 2 }' 



Ni 



where c = 1 V < \ [25J Lemma 2.3]. Thus, we have that 



N? 



E 



(AlfWy 



< — (N(N - 1) + iVLftTiVJ ) Eyiyz 



^2 ^{^IKNl-.Y^Y?}' 



N- 



< C{K)E Y i Y 2 



a2 \i{i<lKN\:Yl=Y?} 



Since E Y \ Y i 



1 



N2 

o2 \ ti^lKNi-.Y^Y?}' 



is bounded (Lemma 15. 1[) . we com- 



plete the proof. 

Now, we turn to the proof of the latter part of the statement. Let 6 > 0. It 
follows from the above argument that 



#1(1)) -/XW(1)\ 

- ir>(i)+^E- 



B 



(AT) 

|uJVj ,x 



N? 



du. 
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Wc know that 



f s Xu (l)du < (sup u<K Xu (l))|i — s\ and Lemma 13.61 im- 

plies that this term converges in probability to as \t — s\ — >• uniformly in 
< s < t < K . So, it is enough to show that for any e > 



lim sup P 

8^0 jv>i 



sup 

0<s<_ff 



s+5 



E 



D 



(N) 

[uN} ,x 



TVS 



-du > e 



We consider the segments if = [2kS, 2(fc + 1)6} for < k < |_HJ . Then, we 
have by Corollary 15.31 that 



E 



E 



B 



(N) 

luNj ,x 



-du 



1 

1 



E 



Ni 

2{k+l)8N 2{k+lSN) 



E E £KU(* 



2 ' (TV) x2 



L*^J ,y 



s=2kSN t=2kSN x,y£2 
2(k+l)SN 



iw[ E E* 

\ s=2kSN x£Z 

Corollary [53] implies that 

4" 



z? 



(AT) 

LsATJ,x 



E 



(B (N) V 



<(SV l) 4 Ar£yly2y3y4 



7/^ 
iV5 



(3.8) 



2 \ tt{l<i<sJV:yi a =yi i> ,a,bG{l,2,3,4}} 



ae{l,2,3,4} 



where we have used that for N large enough, E 
Holder's inequality and Lemma |5 . 1 1 imply that 

? 2\ 6U l <i< sN - Y i= Y ?} 



^(0,0) 



< 1 



(3.9) 



(1331) < (S V lfiV^yl, 



1 



7^ 

iV5 



: ^Ls^J ~~ ^[sN\ — X 



Pyi \Y[ sN \ - 



< 



(*Vl) 4 iV 4 / ! __^ 3 

Thus, local limit theorem implies that 



c C 2(k ^ 5N y I 

Cif 4 / 



1 



< 



N 



^SNitz(sNVl)HsNVl)i 
s/2(k + 1)SN - V2kSN) ' 



-P Y i [YisNi - x 



Thus, we obtained that 



P 



E 



B 



(N) 

[uN] ,x 



N^ 



-du > e \ < 



CK 4 S 



£ 2 ( v / 2(k+l) + V2k) 
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Since for each < s < K, there is some k such that [s, s + 6] C if U J| , 1 , we 

have that 



sup P sup 

W>1 I 0<s<K 



s+S 



E 



D 



(AT) 



W* 



-du > e < 2 E 



CK 4 <5 



< 2 



,4 e 2 (^2(fc + 1) + V2k) 2 

C K 4 S log f 

jT-5-*- ->. as (5 -4 0. 



□ 



Also, we prove the following lemmas to check the conditions (l)-(3). 
Lemma 3.8. For <f> e C 6 2 (R), 



lim E 

N— >co 



^lAAff^+AM^WOr 



t<K 



= 



/or aH K > 0. 



Lemma 3.9. For e C h 2 (K), 



supF 

N 



sup 
t<_fs" 



Mf^(0)+M^(0) 



< oo 



for all K>0, 



and 



E 



M^ N \(j>) + M^ N \4>) 



< oo 



for all K>Q. 



If we prove these lemmas, then wc can verify the condition of Theorem 
(ii). 

Proof of the C -relatively compactness of {X (0) : N £ N}. When we look at 
the process I X. '((/>) >, it is divided into some processes, Xq (4>), M. ' (4>), 

Wc know that M ' (</>) and Xq (</>) converges to constant by Assumptions 
and Lemma l3.3l C-relativc compactness of C (</>) has been proved in Lemma 

ESI 

Arzela-Ascoli's theorem and LemmaOimply that I /M^'^ty) + M {e ' N) ((j)) 

is C-relatively compact in D([0,oo),K). Also, (|3.2j) follows from Lemma T3.8I . 

The uniform integrability of j (m^' N) (0) + M<f' N) (0)) 2 + (m^- n \4>) + A'&^ 

has been shown by Lemma |3~71 and Lemma [3~51 Thus, we have checked all condi- 
tions in LemmaHlso that {m. (M0 (<f>) + M. (e,JV) (0), (m^' n \4>) + M^' N \(j>)\ \ 
is C-relatively compact in D([0, oo),IR). 

Thus, < JO ((/>)? is C-relatively compact in D([0, oo),R) for each <p <E 



:7VeN 



(</>) 



c!( 



n 
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To prove Lcmma l3.8l we will use the following proposition (see [3])- 

Proposition 3.10. Let <f> : K>o — > R>o is continuous, increasing, (f)(0) = and 
4>(2X) < cq0(A) for all A > 0. (M n ,!F n ) is a martingale, M* = sup fc<n \Mk\, 



Tk-i 



(M) n = J2 E [( M k- M k-i 

i=l 

Mk-i\- Then, there exists c = c(cq) such that 

i?^(A/:)]<cii;[0((A/) ? 1 / 2 )+0«) 
Proof of Lemma \3.8\ It is enough to show that 



E[Mq], and d* n = maxi< fc <„ \M k 



lim E 

N-¥oo 



t<K 



£ AMf'"V) + AMf^(0) 



= 



for all A' > 0. 



Conditional on Q tN , AM t ' (</>) is a sum of mean independent random vari- 



t , / 1 tN+l 



Pt(tN,Y? N ) 



ables; W^ N > := -6 [ -^ I I V - 1 - 
sition l3~T0l into ^ W" (6,X,JV) , we have 



Applying Propo- 



E 



sup ^V (6 < : 



■k,N) 



J<B%>'k=l 



HN 



<A E 



' C^) (I - Q(N-^))Y (C 2 (cj>) 



N 2 



,i<B\ 



N 



Thus, 



E 



E \^< N \<t>) 



t<K 



■ Gl mi -q{n^)) _ {KN) _ E[NX m {1)] + KN c^y 



N 4 



N 4 



0. 



Next, we will prove that 

El AM i e,JV) ^) 



lim E 

N->oo 



t<K 



for all A > 0. 



It is clear that for <f> £ C%( 



E 



AM t (e,A °(0) 



< C{cj>)E 



E^ 



x,y££ 



D tN,x) \ D tN,y 



Then, it follows from Corollary 15.31 and the similar argument in the proof of 
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Lemma 13.71 that 



< 



< 



C(tVl) 4 



N 


<7(iVl) 4 


N 


City if 



E 



Y 1 Y 2 Y 3 Y 4 



n 

a,be{l,2,3,4} 



_ n9N J{l<i<t7V:F, a =F, b ,a,bG{l,2,3.4}} 

Ni 



yly2y3y4 



7J ^eW<i<*»:Y t -=Y?} ^ 



:: ~ Pyi [Y& = x) P Y i (Y? N = y) (Pyi [Y t l N =x)A Py* [Y& = y 



Ny/tN 

Thus, we have that 



E 



AAff^V) 1 < C{cp){K V l) 4 J2 T^ 



t<K 



N-tN 



0, 



as N — >• oo. 



□ 



Proof of Lemma \3.9l We apply Proposition 13.101 into martingale M^ ' ((f) 
M t (e ' 7V) (</>). Then, we have that 



sup (M?' N \<t>) + M t ^ N \t)X 



t<K 



<c(</>) B 



M^)(l)) + /mM0(1)\ ) 



t<JC 



E AM i w 



AM^'fi; 



The second term in the right hand side goes to as N — > oo by Lemma 13.81 
The first term is bounded above by 



CE 



E . yww ^^WM" 



'Wm^Wi 



:,t<if 



7V2 



iVS 



Since Xf°(l) is a martingale, E \xf\l)X { "\l)\ = E \xf\l)Xf\l) 
s <t. Thus, 



for 



E 



E 



■t<K 



f'tl^l) 
AT2 



< l^S 



(^w) ! 



is bounded in AT for all K by Lemma [X71 

Also, wc know that from the proof of Lemma 13 . 71 that 

(b {n) ) 2 (b w Y 



E^ 

s.t<K 



E 

a:,y£Z 



JV5 



CK 4 ( , \2 

< — rp [VKNJ < oo. 



□ 



IS 



In the end of this subsection, we complete the proof of the tightness by 
checking the condition (i) in Theorem 13.21 The proof follows the one in [2^1 
pl55] 

Check for (i) in Theorem 1 3. SX Let e, T > and 77(e) > (77 will be chosen later). 

Let Kq C D([0, 00), R) be a compact set such that sup P I — - G Aq ) < 7 1- Let 

Af V-/V2 / 

Kt = {yt, Vt- '-t<T,y£ A'o}. Then, Kt is compact in R. Clearly, 

sup P ( -^ G A'£ for some i < T ) < 77. 
/v \ A^ 2 / 

Let 

R ( t N) = ff t (A ° (j/ : y(s) G A£ for some s < t) 
1 v-» 1 ( ^ N 

First, we will claim that R t is an T^ N -submartingale. Clearly, R. is con- 
stant on \t,t+ -k). So, it is enough to show that 



N 

E 
We have 



>W n.W 



i+i 



-(TV) 



R;ZL-Ki ' ?m ^° a - s - ( 3 - 10 ) 



J„w \ / I sN 



R W _ ^W = 1 y ! f ^> ) V- - sup 1 X 

>iyr-i) supine (^ 

x~t — v 

The conditional expectation of the last term with respect to FtN is equal to 
0. Thus, (|3.10p is proved. Now we apply ^-inequality for submartingale into 
R (N) so that 

P suplf (K T ) > e ) < P (supR[ N) > e 

\s<T ~ I \t<T 

< e- l E[R^ ] ] 



< e- l P I -^ G A'£, for some s < T j < e 
by taking 77(e) = e 2 . □ 

3.2 Identification of the limit point process 

From the lemmas in section 13.11 we know that for <\> G C 2 (R) , each term of 



Z\ N \<I>) = if'W - 0(0) - / X^(A N ^)d s , (3.11) 

Jo 
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and 



are C-relatively compact in -D([0, oo), R) and we found by from Lemma 13.41 that 
the limit points satisfy 



Z t (<f>) = XtM - <f>(0) 



1 



X s {A</))ds 



and 



Jo 

where M{ e '(</>) is a limit point of Mj (</>). Therefore, we need to identify 
Af t (e) (0). 

First, we give an approximation of X t by some measure valued processes 
which have densities. For (t,y) £ K>o X R, we define u^ N \t,y) by 



«<">(*, y) 



B 



(AT) 
tJV.O! 



2ViV 



for £ < £ < t H and w € 

- TV 



:r — 1 a; + 1 



Nh ' tf* 



x€ Z. 



Actually, integrating u^ N \t,y) over ^-r 1 , 2 ^) for each x G Z, they coincide 

. TV 2 iV2 / 



with 



iV 



Thus, we can regard u^ N ' (t, y) as an approximation of X 



(N) 



Also, (M( e - N \cf))Y can be rewritten as 



«"->(*».- /;i>(£ ^%^ 



-2/3 2 (l + 0(iV-^)) / / d>(y) 2 ^ N \ s ,y) 2 dyds. 

JO JyGR 

Therefore, we can conjecture that the limit point M^((f)) is 



If? I / ^[y)u{s,yYdsdy 

/0 JyeR 



(3.12) 



if u^ =>■ u for some u(s, y) in some sense. In the following, we will check that 
(gUH) is true. 

We denote by X 4 new measure-valued processes associated to uS N \-, •), 
that is for 0e C 6 2 (M), 



-W, 



X t ll,; (0)= / 0(x)u^ v, (i,a;)dx 
Then, it is clear that for C 2 (M) and for any K > 



lim sup E 

Af-s-oo 



sup 



'W 



xr>^-xr>(<P) 



(N), 



= 0. 
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Thus, [x (JV) : N £ n| is C-rclativc compact in D([0, oo),M F (M)) and there 
are subsequences which weakly converges to X., where X. is the one given in 

(EUD. 

We will prove the following lemmas: 

Lemma 3.11. Let X. be a limit point of the sequence {X. :JVe N}. Then, 
the measure valued process {X t (-) : < t < 00} is almost surely absolutely con- 
tinuous for all t > ; that is there exists an adapted Borel-measurable- function- 
valued process {u t : t > 0} such that 

X t {dx) = u t (x)dx, for all t > 0, P-a.s. 
Define a sequences of measure valued processes < /x. ' (dx) : N £N> by 

»i N \dx) = 2[3 2 [\uW(s,x)y 



2 
dxds. 



Lemma 3.12. For any e > and for any T > 0, there exists a compact set 
K e > T C R such that 

snpp(snp^ N) ((K s ' T ) c ) >e)<e. 

N \t<T ^ ' J 

By using Lemma 13.111 and Lemma 13.121 we can complete the proof of The- 
orem [3TT] as follows: 

Complete the proof of Theorem \2.1\ We will verify that if X k (dx) =>■ u(-,x)dx 
as Nk — > 00, then 

ixf k) {dx) => (2P 2 j u(s,x) 2 dsj dx. (3.13) 

Actually, \ (ni N \-)) ■ N £ N } are C-relatively compact in D ([0, 00), Mf 

{\ / tg[0, oo) J 

if the conditions in Theorem l3.2l are satisfied. However, we have already checked 
them in the proof of the tightness of {X. ' : N £ N} and Lemma \'S. 121 Thus, 
for any (j) £ Cf(M), 

fjq k \<j>) => f-t (4>) f° r subsequences Nk — > 00. 

Also, we may consider this convergence is almost surely by Skorohod represen- 
tation theorem, that is 

lim fx[ Nk) (cf>) = im (<£), a.s. (3.14) 

Let G N (B,m) be the distributions of iiM(t,i) for B £ B(R> x R) and 
m £ [0,oo), that is 



G N (B,m) = |(t,x) G B:w (Ar) (t,a;) < m\ 
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where | • | represents Lebesgue measure on R>o x R. Especially, 
2 

Then, the convergence of u t (•) in (|3.14[) is equivalent to the convergence of 
the distributions Gjv(-, •). 



G N ([0,t] xl,m) = -^-${{n,x) : n < {0, • • • , [tN\},x e Z,B n , x < 2iti^/n\ 
/V2 L ) 



(M,N), 



Let n\ ' (•) be the truncated measure of fi\ (') f° r M > 0, that is 
fi ( t M,N \dx) = (V C (uW(s,x) A M) 2 efe) dx. 
Then, it is clear that for any bounded function C 2 + (R.) 



<j>{x)(u {N) {s,x)A. 



M ] dxds 



c-t r- c-M 

= 2 / / / <f>(x)m Gn (dsdxdm) 

JO JrJo 
/>t /> />oo 

+ 2 / / / !{„(«>(, x)>M} (j>(x)M 2 G N (dsdxdm). 

JO JR J M 

The last term converges to in probability as N —> oo and then M —> oo. 
Indeed, we have that 

ft /> />oo 

0</ / / l{u (JV) (s,x) >M}<t>(x)M 2 G N (dsdxdm) 
Jo JrJm 

<C(0) ^ / ||((n,g):n<{0,--- , L*iVj},a; e Z, S n , x > 2A/Viv} , 
and the last term converges to in probability by Lemma 1531 Also, as Nk — > oo 

ill (f>(x)m GN k (dsdxdm) converges almost surely to 
Jo Jr Jo 

rt {• pAl rt r 

/ / / 4>(x)m 2 G (dsdxdm) = / / <f)(x)u(s, x) 2 l{u(t, x) < M }dxds, 
Jo Jr Jo Jo Jr 

where G(-,-,-) is the distribution of u(t,x). Thus, we have that for any <j) € 

pt /* rt p pM 

I I (j)(x)u(s,x) dxds— lim lim / / / <fi(x)m GM k (dsdxdm) 

Jo Jr A/^oo Nfc-yooJo J R J Q 

< lim lim / / 6(x) (u {Nk) (t, x) A m) dxds 
~ M-+ooN k -+ooJ ,/r w V J 

< fi t (4>), a.s. 

Also, we know that for bounded function (j> € C 2 + (M.), for any t > and for 
any e > 



lim sup P 

M— foo jy 



< lim sup P 

M— >oo ^y 



0(a) ( (u (N) {s,x)^j ~(u w (a,x)A 
4>(x)m Gn (dsdxdm) 



M dxds 



> £ 



JRJM 



> e 
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by Lemma 1331 Thus, for any bounded function <f> g C% , (1 



Ht(<P)= lim 2/3 2 / <f>{x)(u (Nk) (t,x)) dxds 

<2(3 2 / / cf>(x)u(t,x) 2 dxds 7 in probability. 
Jo Jm 

This is true for (j) e C 2 (R). Thus, we have proved (|3.13j) . 



D 



Proof of Lemma \3.12\ First, we remark that M 4 (</>) is an .F tAr -martingale 
even if 4>(x) = 1k{x) for Borel measurable set K. Then, 



^ N) (Ki) r ^J2 E 






«<i 



iV« 



= 2/3 2 (l + G(iV-2)) Ait (^) 



-xeK^NI 

is an increasing process. Thus, we have that 



t<T 



P[siip f i t (K c )>e) <P[3snp(M^' N \K c )) >e 



t<T 



< £- x E 



3 ^ ^ \P b Jn,x) 

s<T i 

- x£K a N2 



/3 2 (sVl) 2 



s<T I V — 

~ x£K<=N2 



Py (Y sN = x) 



< e^CfVfi sup P Y (y £ n e K C N? 

\s<T V 



For ip € C 6 1,2 ([0, oo) xR,l), we define 



*,""<« = £ 



*(*•%) 



N 



by taking K c as a compact set in R such that Cj3 2 \/K sup s<T Py ( YgN & K C N 2 ) < 
e 2 , where we used Lemma |5. II in the third inequality. □ 

In the rest of this section, we will prove Lemma 13.111 



(3.15) 
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where ipt(x) = ip(t,x). Also, we have the following equation 



E 



\ N2 



N 



V^ -1 



ft*^ 1 ** 



TVi 



E 
E 



V'(t + ^,^ff)^(^,^) 



2V 



Ni 



^M^HM^H^+W^) 



E 



2iV 



— r 



1 tN 



2N 



r(b,N) 



(e,N). 






r(^) 



(».w). 



For i — b,e,s, M t ' (?/>() which are the sums of AM t ' (?/>*) up to t are 
martingales with respect to J^jy as well as M. (0) are. 

We take V 7 as the shift of —i — exp ( — #r ) ; 

y2irt \ AX J 

V>i f(2/) = -7= exp ' 



/27ri 
Then, we have that for e, e' > and t > rj > 



E 



< 






■</■/ 



h£-s "Ft+e'-s 



-5</ 



t+e-s V J t+e'-s 



H 



+ E 



^ACf)(^ +e _ £ -^ +e ,_J 



+ (^ +e (o)-^V(o)) 2 



+ s 



E 



2x/N 



(Mb) 
(Me) 
(Ms) 

(C) 
(Initial term) 
(Error term) 
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Clearly, for fixed e > 0, sup y \ip^(y) — tp£ +E _ t {y)\ < — $■ . So (jError tcrml) is 



bounded above by 



£ 



X 



w f C(e) + C( £ ') 
* I N 



0, asJV^ oo. 



Also, 



(jlnitial tcrm|) < (e - e') 2 ((t + e) A (t + e')) 3 , 
where we have used [531 Lemma III 4.5 (a)], that is for < S < p, 

\r t+ M - ^(y)\ p < (et- 3/2 ) s {{r t+s {y)Y' 5 + my)r 5 

for all x, y £ R, t > 0, and e > 0. 

Lemma 3.13. for e, e' > and t > r\ > 0, 



(3.16) 



lim _E 

JV-s-oo 



fe AC l W) (^-*-^-'-£)) 



Proof. 



ACf ) (^_.) 



E 



E 



■</• 



*+£-»- -Jr 



V^+l 



» \ JV2 



+ ^W* (W ~ ^ V^ " ^ (¥) 



2iV 



^- PSr) + ^ (¥) - 2 ^+- (S) 



2iV 



^E 



i 

JV2 



/ dip x (t + e - s, -^ 



ATS 



V 



ds 



+ E 



1 / d^it + e-^y) 



N 2 



2dy 2 



0(N~ 

+ 0{N-i) 



Since g^ s H 202 = *-*> t ne ^ as ^ ec l ua tion is bounded above by 



ACf)(^ +£ _J|<C( £ ,r,) 






Thus, 



£ 



^ACf)(^ +£ _,-Vf 



+e'-s 



< E 



( yWfii 
(C( £ , ?7 ) + C( e ', ?? )) 2 sup' 



S <t V iV3 



-> as iV ^ 00. 
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Indeed, for each N, Xg (1) is a martingale so that by L 2 -maximum inequality 
and by Lemma T3.71 



sup E sup 

N s<t 



(Xf)(l) 



< 4 sup E 

N 



i(")(i; 



< CO. 



D 



Thus, we have by Fatou's lemma that 

,2 



E 



(X t (il%) - X t ^ x £ ,)Y < liminf (dMi + (EH) + Cm3) 



Hereafter, we will see the right hand side . 
Lemma 3.14. Suppose e>e'>0,t>i]>0, and < 5 < i. Then, for any 

x el 

liminf (MB < C s {e - e') 5 {t + e')~ & . 

N— >oc 

Proof. By Lemma 13.61 we have that for e > e' > 0, for t > ?y > 0, and for 
0<<5< ± 



1 -)E 

N2 



EE 

s<t zez 



(^M^H'-'-G#)) 



N 2 



-D 



(N) 
sN,z 



< E Y 



E 



(#+e- 



N? 



if). 



t+e' — s_ 



A " 



N 



and it follows from (|3.16l) that 



< / E Y 
Jo 



e — e 



.{t + e' -s)5 
Thus, we have from invariance principle that 



^ m r + u, s{¥ - 



(Is. 



liminf (|Mbj ) 

TV— s-oo 



< 



£ — £ 



\(t + e' -s)i 
t 



(ip x t+ es {y)) 2 ~ & + 0*V_ S (y)) 2 ' 5 ) r s (y)dyds 



<(£-£') / (t + e'-s)-*(2-6)-z (t + e-sy 



ii 



2-6 



+ {e-e') d / (t + e' -s)-~ (2-5)— * (t + e'-s)' 



t + s + (l -6)s 

2-5 

t + e' + {1 -5)s 



ds 



<ls 



< C s (e - e') d (t + e 1 )-* / [t + e' - s)-— d ds < C s {e - e') d (t + e')~Ht + <F , 
Jo 



2G 



where we have used the fact that Lift* (y)ipt(y)dy = ip^ +s (x) in the second 
inequality. 



□ 



Lemma 3.15. For all x e K, £ > s' > 0, and t > r\ > 0, we have 

lim (Ms) = 0. 

N-y oo 

Proof. The proof is the same as the proof of Lemma l3.5l 



□ 



Lemma 3.16. Suppose e > e' > 0, t > r\ > 0, and < S < \. Then, for any 

x el 



liminf (Eg|) < C(S)/3 2 (t V l) 2 (i + e?)-$- s {e - e') 

TV— >oo 



Proof By Lemma [ITU we have that 
dMc] 

s<4 zez 



/w5 



< /3 2 £ 



W N 



5' 



JV„ 



iV 



AH 



< 



< 



^ 2 EE 



s<t z£l 



C{s V 1) 



1 aTiH^'-GvT ) 



°^ vl )"jfE^^.(]^)-^-(]^))^(^-*)*. 



where we have used Lemma 1 5. II in the third inequality. Let < rj < t. Then, 
wc obtain by the similar argument in the proof of Lemma 13.141 that 



liminf flMbl 

AT->oo ' ' 

< cp{t v i) 2 ( f f 4= (W+es (y) W+e's {y)f €{v)dyds 

\Jn' Jr V s 

rv ' sup a (ipf +£ _ s (y) - ipt +6 ,_ s (y)) 2 



V~s 



-ds 



<C/3 2 (iVl) 2 



(t + s'-s)i 



(^ +E .M) 2 ' 5 + (^V-a(y)) 2 " 5 ) ^dyds 



< C((5)/? 2 



, 2 (<VP 2 



t+e' 



r (e-e') 5 / s-i(t + e'-s)-*- 5 ds 



-'M5 



+ C(S)/3 2 (t VI) 2 (£-£')" / 

/o 



" _i(i + e'- S )^ + (t + £- S ) ; 



(* + £'- S) 15 



- ds 



(t + e'p'^f^-jl+^it + e)"^ 
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Since rf > is arbitrary, we have that 



liminf dMiJ) < C(S)p 2 (t V l) 2 (t + e')-^- s (e - e') 



>\6 



D 



Thus, we have that 



lim sup E 
e > s '->°xen,t>r) 



(X t (t%) - Xtffl,))' 



0, for any r\ > 0. 



By Skorohod representation theorem, we may assume that X^ Nk > and X are 
defined on a common probability space and X^ Nk ~> — > X in D([0,oo), .Mf(R)) 
a.s.. Then, from the above arguments, we have that 



X t {r e )=X {rt+e) + MMt + e-) 



(3.17) 



for a certain continuous L 2 -bounded martingale M t (ipf +e _.), where the martin- 
gale property of M t (ipf +E _.) is obtained by the same argument as the proof of 
Lemma 13.11 Also, we take L 2 -limit in (|3.1T[) as e — > and choose e n — > so 
that for any t and x <G R, 



lim X t (i% ) = X (ip%) + M t (ipt-) a - s - and in ^ 2 



(3.18) 



We define u(t, x) — lim e7i _>o X t (ip^ ) for all t > 0, x € R. Standard differential 
theory shows that for each t > with probability 1, 

X t (dx) = u(t, x)dx + Xt(dx), 



where X^ is a random measure such that X^(dx) _L da;. Also, (|3.18[) implies 
that 



E 



u(t, x)dx 



X (ift)dx = l = E[X t (l)] 



Thus, E[X°(1)} = and 

X t (dx) = u(t,x)dx, a.s. for all t > 0. 
Therefore, we complete the proof of Lemma [6 . 1 1 1 and also Theorem 12. II 



4 Proof of Theorem 12.2 



In this section, we will prove the weak uniqueness of ut(x) where Ut(x) = u{t, x) 
is a solution of the SPDE 

— u(t, x) = -Au(t, x) + yjau + bu 2 W(t, x), u(0, x) = i>{x) € C+ p (R), (4.1) 

for a,b > 0. The proof is essentially based on the moment duality argument 
developed in [T|. If we can find the "moment dual process" , then -E[rii=i u (^; x i)] 



28 



is independent of the choice of the solutions for any t > and Xi £ 
implies that for <f> £ C+(R) 



Also, it 



E[{u u 4>) N } = 



L{W {Xi) ) E 



N 

Y[u(t, X] ) 

3=1 



dx 



is independent of the choice of solutions and so is E[exp(— (ut, (f>))] if they satisfy 
the Carleman's condition. Also, this independence is true for (j> £ C^ (R). Thus, 
the weak uniqueness for the solutions of (|4.ip follows. 

Dual particle system. Our dual process is the same as the one defined in pQ . 
We consider the following particle systems in M. 

Let Io = {1, 2, ■ ■ • , N} be the initial set of labels of particles. Also, I t is the 
set of labels of particles at time t. In our case, we can take It be a subset of 
{1, ■ ■ • , N} as below. At time 0, there are N particles located site x\, ■ ■ ■ , xm- 
During their lifetimes, the particle performs independent Brownian motions. 
The process evolves as follows. We denote Xf by the position of the particle (3 
at time t if /? exists. 

Coalescence with spatial correlation. Two particles f$ and 7 collide into the 
one particle /?U7 (independently of other pairs) at the rate |c?Lf' 7 , where L^ 1 
denotes the local time of the process X^ — Xj at 0. 

For convenience, we shall take a left continuous version. We denote by Px, 
and Ex the probability measure and the expectation associated with {Xf : (3 £ 
lt,0<t}. 

We set 



*-U£ £ "^ 



Peh ~/£is\{t)} 

the total local time accrued by all pairs of particles at time t. The reader may 
refer to [1] for more detail. 

Theorem 4.1. Suppose thatu is a solution 0/ J^.i| ). Then, the following duality 
relation holds for any T > 0: 



E 



N 



~[u T (xi) 



E 



x 



Y[ ^(Xj)exp 

76 It 



u 



Before discussing the proof of Theorem l4.1[ we check the boundedncss of the 
moment. 

Lemma 4.2. (See \lb\ Proposition 4-2].) Assume p > 2. Let u be any solutions 
of d^.l[ ). Then for each T > 0, we have that 

sup E [u(t,x) p ] < 00. 

KT,iei 



Now, we will start the construction of the dual process. Let v = ^^ and 



a(z) 



bz 2 . For I > 0, we set 



Pi = inf{t > : L t > 
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particle {1} — particle {2} — particle {3} 
particle {1,2} particle {1,2,3} 



Figure 1: An image of the dual process. 



We truncate the dual process X as follows. Let {W 7 : 7 C {1, 2, • • • , N}} be 
an independent collection of Brownian motions. Define 



XI 



X7 



ift< 



( XJ t + Wl pe , if t > Pi and 7 € I Pe ; 
It = {7 : Xt are alive at time t}; 
if' 7 = the local time of A7 — X] at up to time t A pt,. 



Proposition 4.3. We that for all T > 0, 



E 



N 



~[u T (xi) 



4=1 



E 



x 



nH 1 ?) 



cxp ( vLt 



7S/t 



where the error term £ is give by 



\* 



Ej 



f T exp(vL t ) Y, ( II u r-t (X?) ) <r{uT-t{Xl))dL 

pe p^eh.^y \ae/A{/9,7} 



P,i 



Proof. For any function / : R — Y R, let f e be the convolution of / and p s , where 
Pe(x) = —/== exp(— 1-). Then, the process u £ (t,x) is a semimartingale and we 
know that for any t > 0, 



1 



u 6 (t,x) = (/) e (x)+ -Au £ (s,x)ds+ J s/a{u{s,y))p e {x - y)dW s , v . 
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Applying Ito's formula, and taking expectations, we have that 



" N 

.1=1 


6 (t,x z ) 


-E 


= E 




(e 

V=i,. 



jV 



10 £ (^) 



-E 



ft N N 



\ 



*lj=l, I fe=l, 



Ps(y ~ Xi)Pe{y - Xj)a(u(s, y))dydt 



J 



We replace Xj's by random set of points, {X^ 3 : /3 € J r } which are independent 
{u(s,x) : (s, x) € [0,oo), xK}, and multiply it by cxp(i/L r ). Then, 



Ex 



E 



I u £ (s,Xf)exp(i/L r ) 



fiei r 



= E 



x 



E 



/ exp(z/L r ) V 





-E x 


E 


H^iX^eMvLt) 




. 




jel r J . 


( 




n « e ( s ^, 7 ) 


[-Au e ( S ,X?))ds 


V 


76-fr, 

i^p 




) 





i* 



E 



( 



f exp(i/L r ) V " u s (s,X? 

J° r r 

/3#7 W|8,7 



\ 



Pe(y - X?)p e (y - X?)a(u(s, y))dyds 



Now, we will see that we can apply the Fubini's theorem for the above identity 
and its expectation with respect to Px- Indeed, by definition, cxp(VL t ) < e 
and 



E 



u e (s,x k ) 

k=l,k^i 



Au £ (s,Xi 



= E 



1 rn 

- Y[u e (s,Xi) 



E 



/ u e (s,x k ) u(s,Xi) 



Lj -^ Pe(xi -y)dy 



k=l,k=jti 

We can apply the Fubini's theorem by the following estimates: For all {x^}™ x C 



E 



~[u E (s,Xi) 



.2 = 1 



E 



„ rn 

I ~[u(s, yi)p e {yi -Xi)dy 
Jv» i=l 



< sup E[u(s,x) m ] [ I p £ (y)dy ) < 00, 

(s,i)g[0,t]xl 



31 



and 



E 



\ II u e (s,x k )\ u(s,x,i) — l — p e (xi-y)dy 



yk=l,k^i 



f (x - v) 2 
< sup E[u(s,x) m ] / ^-p £ {x~y)dy < oo. 

(s,i)e[0,t]xR JK £ 

Considering the compensators for the jumps in {X^ : /? <E It} at the times 
of coalescence, we have for / e C 2 (R) 



Ex 



lh{Xi)exp(uLt) 



E x 



X 



Jh( Xi ) 



E x 



E x 



E x 



E x 



. ° /3e/ 3 \7e-f»\/3 / 



n m^ s q ) 



/ exp(i/L s ) V 

0,yel 3 , \ a£l 3 , I 

/3# 7 W/3,7 

f " l exp(i/L.) I JJ /i(Xf ) vdl 



h{Xl)-h{Xl)h{X:))^dL^ 



\fiei s 



E 



x 



. ° Pel. \ieis\P J 

( 



ptApt 

/ «p(i/2.) £ h(x? 

■'0 ? = 



\ 



/3,7G/ S , I QG/ S 
/3^ 7 W/3,7 



cr{h{X p s ))dL 



PwjtP'I 



J 



Since we know that u e G C rap (R) and smooth function almost surely, the above 
identity holds with h replaced by u e r . Also, the identity does hold when we take 
expectation with respect to P. 
Set 



g{t,s,e) = E 



E 



x 



I u E (i,Xf)exp(i/X 8 



Peh 
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For any T > 0, we have that 
(g(r,0,e)-g(0,r,e))dr 



o 



T pT 

(g(T - r, r, e) - g(0, r, e))dr - / (g(r, T-r,e)~ g(r, 0, e))dr 



= E 



Ej 



T pT~r 
JO 



\* 



Ex 



rT rT-r 



exp(^ r )]T [] U e (s,X?) \ -Au s (s,X^dsdr 

pei r \iei r \{P} J 

f f exp(^L r ) V " u%s,X? 

JO JO „ f ; 

li^-i W/3,7 

x / p E (y - XP)p e (y - X?)a(u(s,y))dydsdr 



J 



E 



Ex 



i-T i-T-r 



l l r cx P (^ s )]T H u e {r,X2) \\^u°{r, X^dsdr 



peh \~/£is\{l3} 



l -E 
4 



E 



x 



T pT~r 

Jo 



l{s < pi} exp(^L s ) y^ 



P.fZls 



\ 



n "'Mr") 



a£l s 



a{u{r,Xl))dl^dr 



/3^ 7 W/3,7 



/ 



and by using Fubini's theorem 



•\° 



Ej 



l -E 

4 



E x 



( ^ 

/ / exp(^L r ) V u%s,X?) 

Jo Jo off 

p^-i W/3,7 

x / p £ (y - XP)p E (y - X?)<7(u(s,y))dydsdr 

Jr 

( \ 



(4.2) 



/ 



f f r i{s< P£ }cMvL s ) £ II «*Mr) 

Jo Jo - - 



0,jel„ \ a£l s , 

Pfr W/3,7 



a(u(r,xP))dL^dr 



J 



;« 



We will show that letting e — > 0, we obtain that 
(g(r,0,0)-g(0,r,0))dr 



o 







(-T pT—r 


I 


\ 








l -E 
4 


E x 


/ / cxp(^Z r ) V 

/n In 


II U( - S ^r) 


<r(v,{a,Xfi))d8dJ4'"t 








L /3^ 7 W/3,7 / J 










/ \ 11 

rT pT r 


l -E 

4 


Ex 


/ / l{s< Pe }cxp(vL s ) Y^ 


n < r >x*) 


a{u{r,Xl))dl^dr 






Jo Jo 




\a//3,7 


) 







If (14. 3|) is true, we have that by applying change of variables and Fubini's theo- 
rem 



( S (r,0,0)- S (0 1 r,0))dr 



l -E 

4 



" 


" 




,T r s 


E x 


/ / 




Jo Jo 


_ 


_ 



/ 



/ / 1{£ > pi) exp(i/£t) Y] 

Jo Jo - 



/3,7Sl t , 



\ 



[ «(*-*,*t a ) 



oe/t, 



cr(M(s-i,Xf))dZf' 7 ds 



/3# 7 W/3, 7 



/ 



When we verify that <?(r, 0, 0) is continuous at r = T and g(0, r, 0) is left- 
continuous at r = T, differentiating both sides of the above equation from the 
left at T, we have that g(T, 0, 0) - 5(0, T, 0)=£. D 

To complete the proof of Proposition ^. 31 it is enough to verify the followings. 

(i) flOJ) is true. 

(ii) g(r, 0,0) is continuous at r > and <?(0, r, 0) is left-continuous at r > 0. 

Before proving them, we will prove the following lemma which tells us the 
upper L 2 -bound of the difference of u(t, x) — u(t, y). 

Lemma 4.4. Let u be a solution of J4-l\)- Then, for t > and x,x' E M. 



E[\u{t,x)-u(t,x')\ 2 ] <C(V>) 



Proof. By Ito's formula, 



u(t,x)= J u(0,y)p t {y ~ x)dy + / / p t - s {v - x)y / a(u(s, y))W(ds, dy), 



and 



E 



\u{t, x) - u{t, x')\ 2 < 2 |^*(x) - ^{x')\ 



2E 



Ui) 



(pt-s(y-x) -pt- s {y-x)) a(u(s,y))dyds 
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We know that 

\^(x)-^(x')\ 2 



4>(y)(pt(y -x)-p t (y- x'))dy 



< C{ip) U \ Pt (y -x)- My - x')\ dy 

\x-x'\ 2 



<4C(^)- 



2irt 



Also, we have that 



E 



< 



{Pt-s{y -x)- Pt-s{y - x')) cr(u(t, y))dyds 



{pt-s{y - x) - pt-s {y - x')) 2 sup E [au(t, x) + bu(t, x) 2 ] dyds 



<C J J ( Pt - s (y-x)- Pt - s {y-x l )) 2 dyds<C\x-x l \. 



U 



Lemma 4.5. 



and 



s-s-0 



lim / g(r, 0,s)dr= / g(r, 0,0)dr 



6-S-O 



lim / g(0, r, e)dr — / g(0, r, 0)dr. 



Proof. The latter part is trivial since we can apply the dominated convergence 
theorem from the fact that \I r \ < N, sup,,, ^(aOI < C, and exp(vL s ) < e . 
We will look at the former part. Since sup £ \g(r, 0, e)| < 00, it is enough to show 
that g(r, 0, e) — > g(r, 0, 0) for each r > 0. 



g(r,0,e)-g(r,0,0) = E 



E 



N 



E 



N 



~[u(r,Xi) 



,i=l 



Y[u £ (r,Xi) 

N /fc-1 



A' 



where we have used that rii=i( a i+^) — Ili=i a i = Sk=i (lL=i ( a * + &*)) & fc (llf=fc- 



:i r > 



E 



Also, we have that for each 1 < k < N 

<k-\ \ In 

\u E {r,Xi) \ (u e (r,x k )-u(r,x k )) I _ u(r,Xj) 



k i=l 



U=fc+1 



< E 



fe-l \ / W 

Jtt(f,yi + Xj)p £ (!/i)J |u(r, j/ fc +x fe ) -u(r,Xfc)|p e (y fe ) ( u(r,Xj) ] dy 



k i=l 



< / J P e(yi)dyswpE\u(s,x)^ N -^ 

Jm k jj[ t,x L 



£ [|u(r,Xfc + y fe ) -u(r,Xfc)| 



21 2 



Thus, we have proved (/(r, 0,e)) — > g(r, 0,0) for any r > and the statement 
follows. □ 



Lemma 4.6. 



£ 



£x 



T /-T 



l{s< W }exp(^L s ) J2 '. uE ( r >X?) 



/3#7 W/3,7 



cr(u(r, X p s ))dl^dr 



J 



-+E 



E 



x 



T fT-r 

Jo 



/ \ 



l{s< pe}exp(vL 8 ) ^ _ u(r,X 



/3,-/Gl s , \ ael„ 
/3#7 W/3,7 



<7(u(r,Xf))dL?"dr 
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Proof. By Fubini's theorem, 



£ 



-Ejt 



/ 



= £l 



JO JO a r r 

/3#7 W/3,7 

/ 

l{s < p e }exp(vL s ) J^ £ 



\ 



o-{u{r,Xl))dl^dr 



T j-T-r 

Jo 



/3^7 



\ 



; U%r,X?) 



\ a£l s , 

\a^/3,7 



a(u(r,X?)) 



J 



dU'^dr 



It is easy to see that the integrand is finite almost everywhere Px-almost surely. 
Thus, If we find that 



E * 

/3^7 



/ 



\ 



n ^^ 






ael s , 
7^3,7 



a( U (r,Xf)) 



/ 



E * 



/5,7e-T s 
/3^7 



/ 



\ 



; u(r,X«) 



\ o£/„ 
\a#/3,7 



a(«(r,Xf)) 



/ 



almost everywhere Px-almost surely, the statement follows. However, we have 
already proved it in the proof of Lemma 14.51 □ 

To prove (|4.3p . we will use the following lemma (see [TJ Lemma 2]). 



HO 



Lemma 4.7. Consider two independent Brownian motions B\ and B\ adapted 
to a filtration Q t . Let f : R — > [0,oo) be a bounded continuous function, X t = 
B\ — Bl, and Y t be a (Q t ) -predictable process satisfying E[f \f(s)\ds] < oo. 
Then, for t > 

2 f f(X 3 )Y s ds = f f f{z)Y 3 dL* z dz a.s., 
Jo J Jo 



where Lf z is the local time of X at z until time s. 
Lemma 4.8. Letting e — > 0, then 

( 



\ Ex 



Proof. We set 



i Jo 



cxp(i/L r ) ^2 ' u (s,X? 

Pn&ir, \ ael r . 

/3/ 7 W/3,7 



\ 



a(u(s,XP))dsdL^ 



Y r ?>?(y) = l{/3, 7 G J r } / exp(^ r ) J B 
Jo 



/ 



\ 



n ^^ 



\a 



oe/ r , 

7^3,7 



a(«(*,l/ + ^))dfl 



/ 



Then, we can write 



E 



T pT-r 

I Jo 



( 



exp(^ r ) Y, [ uE ( s ^r) 



\ 



E 



/3,7G2'o, /3^ 7 



/3# 7 W/5.7 
'/3 _ Y7 



/ 



p e (y + X£ - XJ)p e (y)Y*?(y)drdy. 



x p £ (y-XP)p e (y-X?)o-(u(s,y))dsdr 



(4.4) 



Let 5t be the filtration generated by (Xf,I r ) up to time t. Then, Yff f (y) is 
^-adapted and left continuous. Since sup y Y^ 7 (y) is bounded above by CT, 
we can apply Lemma 14.71 and for t/gK, 



Pe(y + X?- X?)Yj*f(y)dr = \ 

Z J JO 



Therefore, the integrand in (|4.2p is rewritten as 



! (y + z)Y^f(y)dL^dz. 



\ £ 



/3,7e2 I o,/3^ 7 



p £ (y + z) Ps (y)Y r f(y)dL^dzdy. 



By the same argument as the proof of Lemma 14.51 we have that Px- almost 
surely 

\Yff(v) - Yff(0)\ < l{/3, 7 G I r }C^ T 'exptrf) (M + ^ ds 



< l{/3, 7 G 7 r }C(VT^r|j/| + (T - r)/M) 
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Thus, for fixed /3, 7 G 2 /o , the path y — > Yff ( (y) is continuous at uniformly 
in r < T. Also, sup r<7> |l^(y) - Y^(y)\ < C^fe as e -»■ 0. 



Hence, it tells us that 



p E (y + z)p E (y)Yff(y)dL^dzdy 







p E (y + z)p £ (y)r^(o)dZf ; ;d^y 



< 



|p e (l/ + 2)p e (y)|C(VT|y| + T^\y~\)dl^dzdy 



C\fep e (y + z)p e (y)dM'?dzdy 



J J \Pe(y + X? - X?)p s (y)\C(VT\y\ + T^ + e)drdy 



V~e 



'o 

< [cmx* - x ? ) (. + vi + c« + '^-^t'^-^'l * 

-> 0, as e -> 0, for all X^ - X? . 
Also, we have that 



E 



x 



Pe (y + z) Pe (y)yfe' 1 (y)dL^dzdy ■ 
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Pe (y + z)p e (y)Y r P i f (0)dL^dzdy 



It is clear that 



p 6 (x + y)p e (y)Y r P o''(0)dL^dzdy 



1 



z 2 \ 



„ 20Fi eXP v"^J^ 7( ° )dZ -^ 



F^(0)dX^, 



0, 



Px-ahnost surely by the continuity of F r Q (0) and the continuity of the local 



time. Also, since we have Ex 



sup 2 l4'I 



< 00 for each /3, 7 G 2 /o , we can apply 



the dominated convergence theorem, and the statement follows. 



□ 



Lemma 4.9. g(r, 0, 0) is continuous at r > and (/(O, r, 0) is Ze/t continuous at 
r >0. 

Proof. g(r, 0, 0) is continuous by the continuity of u(t, x) in £ > and by domi- 
nated convergence theorem. 17(0, r, 0) is left continuous by left continuity of X s 
and the continuity and the boundcdncss of L s . □ 

Thus, we have prove that Proposition 14.31 
We now turn to estimate £ . 

Lemma 4.10. (\1\ Lemma 3]) Suppose that p,q G R+ satisfy that 

a _„ a 
P+ 2 £ <2 
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Then, for all T > 0, 



Ex 



sup exp(pi t +q\It\) 

,0<t<T 



< 00, 



where \I t \ is the number of elements of It- 

The following proof is the same as the one in [T]. However, we give it here 
since it gives us a useful estimate which we will use later. 

Proof. Considering the jumps of |/t| we see the compensator of the pure jump 
process exp(q\I t \) is given by 

J* |(exp(«(|J.| - 1)) - cMq\Is\))dL s = (|e"« - |) j\xp(q\I s \)ds. 

Set Z t = exp(pL t + q\It\)- By Ito's formula, we have that 



dZ t = [p+ ~(e~ q - 1)J Z t dL t + dM u 

where M t is a local martingale. By the assumption, for all 9 > 1, Zf = 
cxp(9pL t + 9q\I t \) is a non-negative supcrmartingale. This implies, by Doob's 
optional stopping time argument, that Px(sup t>0 Z® > c) < cxp ^ q ' °'' and the 
conclusion of the lemma follows. □ 

By the above argument, for 1 < 9 < 9' 

\t<T J C S- 



and 



Ex 



supZf 

t<T 



<Cexp(9'qN). 



(4.5) 



Proof of Theorem \JA\ Letting £ ->• oo, {X$ : (3 e I s ,s e [0,T]} converges to 
{Xg : j3 £ I s ,s € [0, T]}. By the boundedness of</> and |/ s | < AT, and by Lemma 
14.101 we have that 



Ex 



H V>(*£) exp (i/Lt) 



,/36/t 



£* 



JJ V(^)exp(z/i T ) 

/3G/t 



Thus, it is enough to show that £ — > as £ — > oo. 
Also, by the above argument, we have 



oo. 



£ <C£ X 



r 
sup cxp 

Pe t< T 



w 



<£L, 



<C£x[exp(i/£r)(Zr-.L w )]. 

When £ — > oo, Ly — L w — > 0. Also, by (|4.5|) . we can apply the dominated 
convergence theorem so that £ — > 0. □ 
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Thus, we have proved the existence of the moment duality for solutions of 
(|4.1j) . In the end, we will prove Theorem [ 



Proof of Theorem \2.2l Let C+ (R) be the set of the non- negative functions with 
compact support. Let <j> £ C+(R). Then, by Fubini's theorem we have 



E[{u u 4>) N ]=E 



N 



~[u t {xi)(f>{xi)dx 



E x 



Ijv(*tW(^t) 

/3G/t 



N 



~[(f>(xi)dx.. 



1=1 



Since we assumed that <f> has a compact support and ip is bounded, the last 
term is bounded above by 



C(il>)"\K\* sup E x [exp(uL t )], 

xGA'« 



(4.6) 



where K is the compact set such that supp(0) C K. By (|4.5[) . we have that 

(TO]) < CC(ip) N \K\ N exp(6'qN). 
Thus, we obtain that 

(E[(ut,<l,) N ])* 
hmsup — — = 0, 

N-s-oo N 

and the Carlcman's condition is satisfied. 

Thus, for each </> e C+(R), E[cxp(—(ut, </>))] is independent of the choice 
of the solutions of (|4.1|) . The closure of C+ (R) under the bounded pointwise 
convergence is the set of the bounded Borel functions, b£ + . So, for u(t,x) and 
u'(t,x), solutions of (|4.1[) , for </> <G b£ + , we have that 



E [exp(-{ut,4>))] = E [cxp(-K, </>))] 
and the weak uniqueness follows. 

5 Proof of some facts 

This section is devoted to the proof of some lemmas used in section [3] 
Lemma 5.1. For any /3 > and K > 0, we have that 

o2 \ i{l<i<YKN\:Yl=Y^} 



u 



SUp_Eyly2 

N 



N2 



< oo, 



where Y„, Y^ are independent simple random walks on Z. Also, 



Ev\ 



yly2 



/ 01 \ »{!<*< YKN\:Yl=Y?} 

[^ + J-fT J : Y [KN} = ^ ^[Wj = y 
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Proof. First, we remark that 



E 



y\ Y i 



2 ^8{l<i<L^JVjtF/=^ 2 }' 

1 + ^T^ 



E 



y\yi 



\KN\ 



fi 



n i+^w=^} 



00 o2fe 



^ 



E^§ E E^^W^^'^ 1 -^-* 

fc=0 iG-D fc (L-KA r J)xGZ fc 

00 o2fc 



E E Py ( y ^ = x i> for 1 ^^ k Y 



(5.1) 



where D k ( |_JtTA^J ) is the set defined by 

D k (n) = {i = (ij)f=i 6 N fc : 1 < h < ■ ■ ■ < i k < n) , 
and the summation for k > [KN\ is equal to 0. By the local limit theorem 

Y, E PY ( Y h -= x h forl<J<fc) 2 

ie_D fc (L-fCJVj)xez' i 

< c k y^ y^ TT Py ^-ii^ii^i _ Xj ~ ^"^ 

ie-D fc (L-R"A f J)xez fc i=i v ■?' J -1 

^ S ri7r=T- 

ie£)k(LA:JVj)3=i V*J h-i 
Thus, we have that 



00 o2knk 



eh<e^ e n^ 

fc=0 



eC(Li<:jvj)j=i \f% - V" 



(5.2) 



Since , _ is decreasing in t € (s, 00), it follows that 



N k J-i /Z iZ7 _ -l-AAj-i 



« d£. 






JV iV 



J Ar 



and 



00 plk. „Ii k 

m<J2^ k E L- II 

fc=0 ieZ3fc(LA'ArJ) J_ N- - 70 j 

fc=0 J0<ti<-<t fc <Jf =1 V l i C J-1 



dt 



'J W 



E 



£ 2fe C fe (^)t 



k=0 ^2 T ^ 



Since r ( — + 1 ) is increase faster than a k for any a > 1, the summation is 
finite for any j3. 
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Also, the similar argument does hold so that 



Ey^-Y 2 



/ p2 \ »{!<«< YKN\:Yl=Y?} 

( 1 + ^t) 



is 



2(fc-l) 



E E 



fc=i JV ie-D fc - 1 (LA'A f J-i)xez fc - 1 

fc=i JV 



[KN] — x > ^L^" N J ~~ ^ 



iv(r*j=a:j, for i<j<fe-i,r LKNJ =K) 

xP Y (Y i] =x :j , for l<i<fe-l,y LKJVJ =y) 



< 



E 2 ^' 



:0 



e_D fc - 1 (L-ft"A f J-l)x6Z fe " 1 
2(fc-l) /*" 



Pv(y i3 =x 3 , for l<j<k-l.Y lKNj =x) 
xP Y (Y i] =x ] , for l<j<fe-l,r LKW j=J/) 



fe=l 



TV" 



e n 



1 \ PY{Y [ 1 KNi =x)AP Y (Y [ ) 



[KN] 



'I, - Z,_i 



^E 

fc=i 



C k0Z{k-i) P Y (Y^ 



eD k - \\_kn\-i) \i=i V 

= x) a p y (V 1 ^ = y 



y/\KN\ -i fe _! 
fe-1 



TVs 



jyfc-l 



e n 



1 



iezjfc-i(|R:;vj-i) i-i y lv ~ "V 
(5.3) 



By the integration by parts, we have that 



N 



j. ik-2 

tk-l ~ -jr 



-dtk-i = 



y/K-tk-! 



tk- 



N 



> 2 



> 



y/K ~ t k -l 



*k-l _ l k-2 

N N 



K-*fr 



positive term 



N 



'Efc-l Zfc-2 / TS Sfc— 1 

N N V JV 



Also, we know that 

(fe-2 .ii 
n/: 



*J iV 



zdi, 



-dtk-: 



tk-l irV^ ~ tk-l 



< 



< 



fc-i 

n 



0«i<-<* fc _i<X J - =1 V \/ t 3 — tj-ij \/K — tk- 



=f/t 



7T2 A 2 



Thus, we have that 

(ESI) 

*V ( Y IKN\ = ^) A Py (Y^yj = y) " C k l3 2(k-1) K > 

(KN)i ~t x r(^i) 



< 
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Since the summation is finite for any /?€i, the statement holds. 



□ 



The next lemma gives us an upper bound of p-th moment of B n for branching 
random walks in random environment. 

Lemma 5.2. If E[mn}x] — K < oo for p e N and E 



(i) 

mn.x 



1. then 



and 



E 



E[B^<C{p,K)n^ l E Y1 . 

4=1 

< C(p,K)n p - 1 E Y i... Y P 



■ \'i' 



E 



K^ 



i{l<i<n:Y i a =Y l b ,a^be{l,--- ,p}} 



,(D 



l{l<i<n:Yf=Y>,a^b£{l,— ,p}} 



Y,l = Xi for 1 < i < p 



Before starting a proof, we give another representation of B n . Let {V* x ■ 
x G T, (n, x) eNx Z d } be N- valued random variables with P (V* x — k\ w) = 
qn,x(k). Let {X* x : x € T,(n,x) € N x Z d } be i.i.d. random variables with 
P(X* X = e) = j-i for e = ±ej, j = 1, • ■ • , d where e^ arc unit vector on Z d . 
V^ x denotes the number of offsprings of x if x locates at x at time n and X^ x 
denotes the step of x if it locates at x at time n. 

We consider the event {particle y exists and locates at site y at time |x| = n} 
and its indicator function 

B* = 1 {particle y exists and locates at site y at time |x| = n} . 

Then, it is clear that 

D 0,X — °X,TL 

B ly = E BZ-i* 1 { X ^-i,x =V~x, Kf-i,x > y/« > 1} 



[ 1 if x — and x = 1, 
otherwise, 



ra-l 



EEII 1 i x lv, = vw - w. *& > yi+i/y« > i} 

0->y 1-s-y i=0 



and 



n-l 



^n,y — 



EEEI1 1 {*& = w+i - w. ^ ^ W* ^ 



y 0->j/ l->y i=0 



We introduce new Markov chain Y = (Y, Y) on If 1 x T which are determined 

by 



r = o,Y = ier . 

Y n =x^ = ih Efe> y / X ?( fc ) if \y-x\ = 1, y/x < oo, 

I otherwise, 



P 



I'Y 



VY„+i=y 
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where q(k) = E[q n , x {k)\. Let A*% y = 1 {X* x = y ~ x, V > y/x}. Then, we 
have the following representation of B ny [211] : 



B n , y — Eyy 



n-l 



n 



A i,Y,Y+i 



l p r 4 Y,,Y, +1 



^n=J/ 



and also 



E 



n*« 



= £- 



Y 1 ---Yp 




F r J = Xj for 1 < i < p 



E[B']=E Y i... Y1 , 



where Y l = (Y l ,Y l ) are independent copies of Y = (Y, Y). 
Proof of Lemma \5.2\ We remark the following facts: 

i) If y t^ y', then Af'^A^'J, = almost surely. Especially, for < Y\ : i = 0, • • • , n > 
and < Yj : i = 0, • • • ,n >, if there exists an i such that Y^ = Yf and 
Xi +1 ± Y&i, then 



Tl-l 

i=0 






nj =1 s 



i,Y i 3 .Y i 3 +1 



= 0, 



almost surely, 
ii) If y/x = k, y'/ x = ^i an( l k < £, then ^^A^ = A*^ almost surely, 
hi) If {x^ : j = 1, • • • ,p} are different from each other and y-'/x 1 ' = kj, then 



E 



IIf=l A*,x¥,yi ~ \2d) S Sl >fc! ' ' ' J2s p >k p E 11^ = 1 %xi (Sj) 



Thus, the possible cases are the followings: 

Yj =x j M =x J ' for j = l,---p 



E 



E 



Y'-.-Y' 



TTP A x t>*i+1 

11 j=i i,y j ,yL 



uu e 



a.:: 




1 a;- 7 are different from each others, 



UU 






if x J arc different from each others, 



where (A) is the other case described as below. 
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We divide the set {!,••• ,p} into the disjoint union such that 



J,- 



{l,-,p}= I] h, 

k=ji 



(5.4) 



where Ik = {j G {1, ••• ,p} : x 5 = x fc } and j±, ■ ■ ■ j p is the set of index of 
equivalence class Ik- For y^/x^ = kj, we set Kj e = iam{kj : j € Ij t }- Then, we 
have that 



E 



E- 



Y'-y 



n p MM 


+ 1 

• + 1 


-l{Yj +1 =yJ"forj = l > ...,p} 


uu e 


yj yj 

i,Y/',Y/ +1 




3v 


( V 




= E 


n 


51 g»,^(*) 








z=ji 


\fe>K £ / _ 





Y? = x j ,Y{ = x J for j = !,••• ,p 



By the above argument, we find that Y 1 , • • • , Y p evolves according the following 
steps: 

i) First, the set process {S(m) : m — 0, • • • ,n} starts from the set 1^ = 
{].,••• ,p\ until time i^\ and then it splits into some sets i^ 1 ' 1 ), •• • , j( 1>fc ). 
(z'W is the last time when Y^ coincide and I^ 1 ' 1 ', • • • , j' 1,fc ) are the equiv- 
alent class defined in (|5.4p for Y J (1) ). 

ii) When the set process S(m) = {I^ ,l \--- ,I^> & )}. it jumps to the new 
sets {/(•^+ 1 ' 1 ) ) • • • ) j(t+ 1 >k )| wn ere each /( f + 1 ' r ) is a partition of some 
set of I^\ ■ ■ .J(*.* w ) at some time i^ +1 \ (yW, j e I (ts) for each s = 
1, ■•• , fc^ coincides until time i^ +1 ) and Y J (£+1) ^ Y 3 (i+1) for some 
j, j' <E I™> k > for some fc). 

hi) If S(m) = {{1}, • • ■ , {p}}; then S(m) — S(m') for m! > m. 

First, we remark that the combination of v^>, ■ ■ ■ ,i < - p ~ 1 ' (it may stops for 
less steps) are at most n p -th order. Also, 



E 



E- 



Y 1 — Yp,S 



TIP 4^»' ¥ i + l 

li j=i i,Y/,r/ +I 



m =1 ^ 



»,y/,y/ 



{i w =*} 



y/ =s J ',Y^ = x J for j = !,••• 



and 



£ 



£■■ 



Y 1 — YP,S 



11 7 = 1 i vi vi r , , "I 

' ' ' ' +1 ., 1 (jW jt », for ^ = 1, •••,*>) 



m=i^ 



.4; 



4+1 
'J 

i + 1 



<l[E 

ke>c 



J{j:xl=x k } 



<U E [{™^) P ] mX3=Xk} ' P < E [(m^) p ] l{x3=xk ' forsomc ^ fc } 



YP =x j M = x J for j = !,••• 



fce/c 



■15 



,:(i) 



;(4) 



1,4 



1,4 



1,3,4 



L 4 



1,2,3,4,5- 



2,5 



2,5 



Figure 2: When p = 5, 7 (0) = {1,2,3,4,5}. In this figure, Z^ 1 - 1 ) = {1,3,4}, 
J^ 2 ) = {2,5}, If 2 ' 1 ) = {1,4}, /( 2 < 2 ) = {3}, and 7< 2 ' 3 ) = {2,5}. 



where K, be the set of index for equivalence class {j : x-' = x k }. 



Thus, we have that 
E[B%\ <C(p,K)n^-^E Y1 ... YP 



E 



[(™^n j{l -" : ^ = ^' for ^' e{1 ^ p}} 



The latter part of Lemma 15.21 can be proved by the same argument. 

Corollary 5.3. Under the same assumption in Lemma \5. 6 A 

q Pi 



U 



E 



nn* (j) 



n,X(j,i) 



3 = 1 i=l 



<C(p,K)n 



(EJ=iPi-«) 



E, 



(Y*.*) 



£ 



(mo,o) 



E|=iW 



Jk<n:Y^^=Y^-\ for ) 

lO'i,*i)/0'2,J2)e{(j,i):j=i,— ,q,i=i,--- ,Pj}j 



v(i.') — ~. 



./■' 



(i) 
where Bn' x is the number of particles from initial particle j at site x at time n. 

Proof. Ifwe regard iW = -1 and 5(0) = {{1, • • • , Pl },--- .{Egpj+l,-- • ,E*=iPj}}> 
then 5(m) stops at {{1}, • • • , {E?=i ft}} a ^ mos t E?=i ft — 9 jumps. D 
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